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Abstract

Space-time correlation is a staple method for investigating the dynamic cou-
pling of spatial and temporal scales of motion in turbulent flows. In this ar-
ticle, we review the space-time correlation models in both the Eulerian and
Lagrangian frames of reference, which include the random sweeping and
local straining models for isotropic and homogeneous turbulence, Taylor’s
frozen-flow model and the elliptic approximation model for turbulent shear
flows, and the linear-wave propagation model and swept-wave model for
compressible turbulence. We then focus on how space-time correlations are
used to develop time-accurate turbulence models for the large-eddy simula-
tion of turbulence-generated noise and particle-laden turbulence. We briefly
discuss their applications to two-point closures for Kolmogorov’s universal
scaling of energy spectra and to the reconstruction of space-time energy
spectra from a subset of spatial and temporal signals in experimental mea-
surements. Finally, we summarize the current understanding of space-time
correlations and conclude with future issues for the field.
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1. INTRODUCTION

Space-time correlations are fundamental for understanding the dynamic coupling between the
spatial and temporal scales of motion in turbulent flows. Such correlations quantify how turbulent
fluctuations at one location and one instant covary with those at another location and another
instant, and thus describe the dynamic behaviors of turbulent fluctuations across spatial and tem-
poral scales. Over the past few decades, space-time correlations have been used to provide the
timescales necessary for two-point closure methods, to develop time-accurate turbulence models
for large-eddy simulation (LES), and to analyze spatiotemporal data from experimental measure-
ments. This method is widely applicable to many aspects of turbulence research.

The first model of space-time correlations was based on Taylor’s frozen-flow hypothesis. In his
famous paper “The Spectrum of Turbulence,” Taylor (1938, p. 476) originally proposed that “the
sequence of changes in u (velocity fluctuations) at the fixed point are simply due to the passage
of an unchanging pattern of turbulent motions over the period,” where the passage speed is the
velocity of the wind stream. Therefore, a space-time correlation can be approximately expressed
by a time correlation and a passage speed. This result has been broadly used to calculate spatial
energy spectra in hot-wire measurements (del Álamo & Jiménez 2009) and has recently been used
to reconstruct space-time energy spectra in particle image velocimetry (PIV) measurements (de
Kat & Ganapathisubramani 2015). Taylor’s model also provides insights into the spatiotemporal
dynamics of turbulent flows, such as the dominant convection process (Heskestad 1965) and
propagation speeds of coherent structures (Kim & Hussain 1993). However, this model suffers
from many limitations (Moin 2009), including low turbulence intensities and weak shear rates,
and has been corrected in different circumstances.

Eulerian and Lagrangian time correlations are essential to the statistical theory of turbulence.
The Kolmogorov phenomenological theory developed in 1941 predicts the universal scaling −5/3
of spatial energy spectra for isotropic and homogeneous turbulence (Frisch 1995). However, the
analytical derivation of this universal scaling from the Navier-Stokes equations remains a chal-
lenge. Several deductive approaches have been developed, such as direct interaction approximation
(Kraichnan 1959) and the eddy-damped quasi-normal Markovian (EDQNM) (Orszag 1977). In
these approaches, space-time correlation models are needed to provide the characteristic timescales
to close the energy spectra equations. If Eulerian timescales are used, the resulting scaling is −3/2,
whereas if Lagrangian timescales are used, the resulting Kolmogorov scaling is −5/3. The Eule-
rian time correlation is associated with the random sweeping process, whereas the Lagrangian time
correlation is associated with the local straining process (Kraichnan 1964). Both random sweep-
ing and local straining can be found in turbulent flows and represent two distinct decorrelation
processes.

The growing application of LES to turbulence-generated noise and particle-laden turbulence
requires LES to correctly predict space-time correlations in Eulerian and Lagrangian frames of
reference. In aeroacoustics, the intensity of the far-field noise radiated by turbulent flows is crucially
dependent on Eulerian space-time correlations in terms of the Lighthill acoustic analogy (Lighthill
1952). In particle-laden turbulence, particle dispersions are essentially determined by Lagrangian
time correlations. Accordingly, the accurate prediction of space-time correlations is becoming an
important requirement for LES. However, this requirement cannot be met through the use of the
Reynolds-averaged Navier-Stokes (RANS) approach. The RANS approach is designed to capture
spatial statistics of turbulent flows such as the mean velocity and spatial correlations, but temporal
statistics are not considered. In practice, the RANS equations are derived only for the mean
velocities and spatial correlations. Time correlations are the unknown component in the RANS
equations. In LES, both spatial and temporal motions at large scales are available. Therefore, LES
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provides new opportunities for the accurate prediction of temporal statistics. However, previous
studies have focused on spatial statistics and did not benefit from the full potential of LES.

This article is organized as follows. In Section 2, we review Eulerian and Lagrangian space-
time correlation models. These models include the random sweeping model and local straining
model for isotropic and homogeneous turbulence, Taylor’s frozen-flow model and the elliptic
approximation (EA) model for turbulent shear flows, and the linear-wave propagation model and
swept-wave model for compressible turbulence. In Section 3, we discuss the application of space-
time correlations for the development of time-accurate subgrid-scale (SGS) models for LES of
turbulence-generated noise and particle-laden turbulence. Finally, we summarize the present state
of space-time correlations and raise future issues for the field. For the sake of brevity, this review
focuses on recent progress in studies of space-time correlations. For readers interested in the
relevant topics, we suggest recent reviews on the two-point closure approach (Smith & Woodruff
1998, Cambon & Scott 1999, Zhou 2010) and the conversion between temporal and spatial signals
obtained from experimental measurements (Lohse & Xia 2010, Smits et al. 2011, Wallace 2014).
Meneveau & Katz (2000) provided an excellent review on SGS models for LES. Some key aspects
of the LES of turbulence-generated noise are reviewed by Wang et al. (2006). Updated reviews
on particle-laden turbulence are provided by Balachandar & Eaton (2010) and Fox (2012).

2. SPACE-TIME CORRELATIONS IN TURBULENT FLOWS

2.1. Space-Time Correlations in Isotropic Turbulence

The random sweeping hypothesis proposes that small-scale eddies are randomly swept by large-
scale, energy-containing eddies without significant distortion (Kraichnan 1964) (see the sidebar
The Random Sweeping and Local Straining Hypotheses). This hypothesis implies a simple model
equation for Eulerian velocities:

∂ û j (k, t)
∂t

+ i (k · v)û j (k, t) = 0, (1)

where û j is the Fourier mode of the velocity fluctuations, k is the wave-number vector of magnitude
k, v is the constant velocity of a Gaussian distribution over all realizations, and i is the imaginary
unit. The symbols with hats denote the Fourier modes, such as û j (k, t), which is the Fourier mode
of u j (x, t). The solution to this model equation gives the time correlations of the velocity modes:

R̂E (k, τ ) ≡ 〈
û j (k, t)û j (−k, t + τ )

〉
= E(k) exp

(
−1

2
k2V 2τ 2

)
,

(2)

where V is the root mean square of the velocity fluctuations, E(k) denotes the spatial energy spectra,
and the angle brackets denote an ensemble average. Space-time correlations can be equivalently

THE RANDOM SWEEPING AND LOCAL STRAINING HYPOTHESES

The Eulerian decorrelation is different from the Lagrangian decorrelation: The former is dominated by the sweeping
of energy-containing eddies, whereas the latter is dominated by the straining of local eddies. Therefore, the Eulerian
frequency spectra scale as −5/3, and the Lagrangian frequency spectra scale as −2, with these results supported by
the direct numerical simulation of isotropic turbulence.
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transformed to modal time correlations, and vice versa. The random sweeping model indicates
that the Eulerian decorrelation timescales are (kV )−1.

The local straining hypothesis proposes that the Lagrangian time correlations are dominated by
local straining (Kraichnan 1968). This can be inferred from the kinematic equation for Lagrangian
velocities:

∂v�
j (x, s |t)
∂s

+ u(x, s ) · ∇v�
j (x, s |t) = 0, (3)

where v�
j is the velocity, measured at time t, of the fluid particle located at position x at time s.

The Lagrangian velocity v�
j is simply advected by the Eulerian velocity u, which is governed

by the Navier-Stokes equations. Lagrangian closure approaches, such as the Lagrangian history
direct interaction approximation (Kraichnan 1968) and Lagrangian renormalized approximation
(Kaneda 1981), show that Lagrangian time correlations are dominated by the local straining
timescale (Gotoh et al. 1993): (∫ k

0
p2 E(p)dp

)−1/2

, (4)

where the Lagrangian time correlations are defined by

R̂L(k, τ ) ≡ 〈
v̂�

j (k, s |t)v̂�
j (−k, s |t + τ )

〉
. (5)

Tennekes (1975) suggested that the Eulerian frequency spectra are dominated by random
advection, whereas Lagrangian frequency spectra are determined by the inertial timescales. As a
result, the Eulerian frequency spectra scale as ω−5/3 and Lagrangian frequency spectra scale as ω−2.
This implies that the rate of Eulerian decorrelation is higher than that of Lagrangian decorrelation,
which is consistent with the random sweeping and local straining hypotheses (Chen & Kraichnan
1989, Rubinstein & Zhou 1999) and confirmed by the mutual cancellation between local and
convective accelerations (Tsinober et al. 2001).

The decorrelation timescales are crucial to the successes of two-point closures such as EDQNM
(Orszag 1977). In the EDQNM approach, the energy spectra depend on the forms of eddy damp-
ing, which are determined by the decorrelation timescales. If Eulerian decorrelation timescales
are used, a scaling of −3/2 is obtained, which is inconsistent with the Kolmogorov scaling. If
Lagrangian decorrelation timescales are used instead, the Kolmogorov scaling of −5/3 is recov-
ered. To deduce the Lagrangian timescales, Kraichnan (1968) developed the Lagrangian history
direct interaction approximation. Later, Kaneda (1981) constructed the Lagrangian renormal-
ization approximation to derive the timescales. Recently, Bos & Bertoglio (2013) proposed a
self-consistent framework for velocity-position cross correlations to determine the timescales.

Relating Lagrangian and Eulerian time correlations remains an important but unresolved prob-
lem in the turbulence community. In some sense, this is equivalent to the turbulence closure
problem. Corrsin (1959) proposed the well-known independent hypothesis that the probability
density functions (PDFs) of relative separations are independent of the PDFs of the Eulerian veloc-
ity field. This hypothesis circumvents the main difficulties of relating Lagrangian correlations with
Eulerian ones and yields an approximate relationship between Lagrangian and Eulerian statistics.
Later on, this independent hypothesis was shown to be equivalent to the first-order truncation
of the renormalized perturbation expansion (Kraichnan 1977). Homann et al. (2009) proposed
an exact relationship between the PDFs of Lagrangian and Eulerian velocity increments. This
relationship explains how intermittency in Lagrangian velocity increments is linked with Eulerian
ones through the transition PDFs. The link between Eulerian and Lagrangian velocity increments
has been phenomenologically established in the framework of multifractal theory (Borgas 1993,
Chevillard et al. 2003, Biferale et al. 2004, Xu et al. 2006). The Smith-Hay model expresses the
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Lagrangian velocity correlation using Eulerian velocity correlations and Taylor’s frozen-flow hy-
pothesis (Smith & Hay 1961). This model is the first approximation to iso-correlation contours.
The EA model for Lagrangian space-time correlations accounts for the flow distortion using
second-order approximation to the iso-correlation contours (He et al. 2009).

2.2. Taylor’s Frozen-Flow Model

In his famous paper “The Spectrum of Turbulence,” Taylor (1938) hypothesized that the spatial
patterns of turbulent motions are carried past a fixed point at the convection velocity without
changing significantly. In other words, the spatial patterns move as the frozen flow moves. The
convection velocity was taken as the speed of the wind stream in Taylor’s original paper and is
usually taken as the local average flow velocity. According to Taylor’s frozen-flow hypothesis, if
the streamwise velocity component at location x = (x1, x2, x3) and time t is u(x, t), then the velocity
u(x + r, t + τ ) at the downstream location x + r = (x1 + r , x2, x3) and the later time t + τ can be
approximately expressed by

u(x + r, t + τ ) = u(x + r − Uτ , t), (6)

where U = (U , 0, 0) is the convection velocity and U is constant. Hence, the space-time correlation
is given by

R(r , τ ) ≡ 〈u(x, t)u(x + r, t + τ )〉 = R(r − Uτ , 0). (7)

Taylor’s model expresses the space-time correlations using the space correlations and a linear
transformation r − Uτ . This linear transformation is the consequence of the frozen-flow hypoth-
esis and implies that the space-time correlations never decay for any separations r or τ on the
characteristic lines r −Uτ = const. (see Figure 1a,b), which violates the physical nature of corre-
lation functions (see the sidebar Taylor’s Frozen-Flow Hypothesis and Iso-Correlation Contours).
Lin (1953) showed that Taylor’s model is a good approximation if the turbulent intensity is very
low; however, there is no general justification for extending Taylor’s hypothesis to the case of
shear flows. Lumley (1965) explored the possible mechanisms for invalidating Taylor’s model in
turbulent shear flows and proposed the corrected forms for small-scale motions. Applications of
Taylor’s frozen-flow hypothesis to the time-to-space conversion in experimental measurements
have been discussed in recent review articles (Lohse & Xia 2010, Smits et al. 2011, Wallace 2014).
In this subsection, we focus on the results related to space-time correlations.

The convection velocity is the only parameter in Taylor’s model. Davies et al. (1963) experi-
mentally observed that the convection velocity is not equal to the local mean velocity in the mixing
region of a round jet. Wills (1964) examined the effective convection velocity defined by space-time
correlations and used space-time energy spectra to obtain a wavelength-dependent convection ve-
locity. However, he argued that there exists an overall convection velocity that dominates the
space-time correlations. It is extremely difficult to experimentally measure space-time correla-
tions or frequency–wave-number spectra. To circumvent this difficulty, del Álamo & Jiménez

TAYLOR’S FROZEN-FLOW HYPOTHESIS AND ISO-CORRELATION CONTOURS

Taylor’s model implies that the iso-correlation contours are straight lines. The elliptic approximation model implies
second-order approximations to the iso-correlation contours, which can account for the decorrelation induced by
convection and shearing of mean flows and random sweeping of velocity fluctuations.
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Figure 1
(a) The space-time correlation of the streamwise velocity u at y+ = 92 in the logarithmic layer, from the direct numerical simulation of
turbulent channel flows at Reτ = 550, plotted as a function of space separation r and time delay τ . The correlation decays most slowly
along the ridge line (black solid line); the shadow-code iso-correlation contours on the (r , τ ) plane are the closed lines with a preferential
direction, aligned with the projection of the ridge line: r = Uτ (U is a propagation velocity). The projections of the ridge line onto the
planes (r , R) ( green solid line) and (τ , R) ( green dashed line) are also plotted. The spatial correlation (blue solid line) and time correlation
(blue dashed line) are shown as references. The spatial correlation R(r , τ ∗) (brown solid line) for a fixed time delay τ ∗ and the time
correlation R(r∗, τ ) (brown dashed line) for a fixed space separation r∗ are also illustrated. (b,c) Schematic diagrams for the iso-correlation
contours of (b) frozen and (c) nonfrozen turbulence. Panel b corresponds to Taylor’s model, which implies that the contours are straight
lines, whereas panel c corresponds to the elliptic approximation (EA) model, which implies that the contours are elliptic curves. U EA is
the propagation velocity in the EA model.
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(2009) utilized the temporal information of velocity and its spatial or temporal derivatives. The
obtained convection velocity is scale dependent and can be used to correct the scalings of energy
spectra. For spatially developing flows, the heterogeneity of streamwise velocities is problematic
for the calculation of spatial energy spectra. Renard & Deck (2015) derived a new approach to
estimate the frequency-dependent convection velocity from the temporal signals of the velocity
and its local spatial derivatives. Recently, de Kat & Ganapathisubramani (2015) emphasized that
the convection velocity is a distribution of phase velocities and developed a time-to-space mapping
approach to reconstruct full space-time energy spectra.

Space-time correlations have been used to estimate the propagation speeds of turbulent fluc-
tuations. Kim & Hussain (1993) estimated propagation speeds of velocity, vorticity, and pressure
fluctuations using direct numerical simulation (DNS) data from turbulent channel flows. The
propagation speeds are approximately equal to the local mean velocities and are scale independent
in the outer region; however, they are increasingly larger than the local mean velocities and become
scale dependent as they approach the wall. Zaman & Hussain (1981) estimated the convection
velocities of coherent structures in the near fields of circular jets and showed that Taylor’s model
can be applied to a single coherent structure but misrepresents multiple coherent structures.

The following generalized form of the convection equation was proposed by Heskestad (1965)
to better understand the dynamics of Taylor’s frozen-flow hypothesis:

∂ui

∂t
+ U

∂ui

∂x
+ u j

∂U
∂x j

+ u j
∂ui

∂x j
= 0, (8)

where U and ui denote the convection velocity and fluctuating velocity components, respec-
tively, in the coordinate direction x j = x, y , z. The temporal evolution of turbulent fluc-
tuations (first term) is determined by the convection (second term), shearing (third term),
and nonlinear terms (fourth term). Taylor’s model is simply the solution of Equation 8
if the convection velocity is constant and the nonlinear term is ignored; the random sweeping
model is the solution of Equation 8 if the convection velocity vanishes and the nonlinear term
is treated as random sweeping. Loucks & Wallace (2012) compared the generalized form with
the original form of Taylor’s model in turbulent boundary layer and plane mixing layer flows.
Data from LES (Piomelli et al. 1989) and DNS (Geng et al. 2015) of turbulent channel flows
are also used to examine the general form in comparison with the full Navier-Stokes equations.
These results show that the temporal derivatives of the velocity fluctuations can be reasonably
approximated by the product of the optimal convection velocity and the spatial gradients of the
velocity fluctuations. However, the additional terms that are not responsible for Taylor’s model
diminish the validity of this model.

2.3. The Elliptic Approximation Model in Turbulent Shear Flows

The EA model proposes that space-time correlations in turbulent shear flows can be expressed by
space correlations R(r , 0) and two characteristic velocities U and V :

R(r , τ ) = R
[√

(r − Uτ )2 + V 2τ 2, 0
]

, (9)

where U characterizes the convection of flow patterns and V characterizes the distortion of flow
patterns (He & Zhang 2006, Zhao & He 2009). The EA model represents the decorrelation of
small-scale eddies in turbulent shear flows: Small-scale eddies are convected by mean flows and
are distorted by the shearing of mean flows and the sweeping of energy-containing eddies in
fluctuating velocity fields. In Taylor’s model, the decorrelation is determined solely by the con-
vection velocity, which describes the displacements of small-scale eddies due to mean flows. In the
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Kraichnan-Tennekes model, the decorrelation is mainly determined by the random sweeping
velocity, which describes the sweeping of small-scale eddies by energy-containing eddies
(Kraichnan 1964, Tennekes 1975). Consequently, the EA model manifests the coupled effects of
convection and random sweeping. This model takes Taylor’s model and the Kraichnan-Tennekes
random sweeping model as two extreme cases at vanishing characteristic velocities U and V.

The EA model is developed through a successive approximation to the iso-correlation contours.
Figure 1 shows the space-time correlation contours from DNS of turbulent channel flows at
Reτ = 550 (Geng et al. 2015), including the iso-correlation contours defined by Taylor’s and EA
models. The following two aspects are worth highlighting. First, the EA model is the second-order
approximation to iso-correlation contours, whereas Taylor’s model is the linear approximation to
the contours. Taylor’s model implies that the correlations remain constant along the characteristic
lines r − Uτ = const. However, this implication is inconsistent with the physical nature of
correlation functions, which should decay with increasing spatial or temporal separation. Second,
the contours of the space-time correlations over separations in the inertial range share a preferential
direction U and an aspect ratio p/q � V , which is consistent with Taylor’s hypothesis of the
dominant convection and with Kolmogorov’s similarity hypothesis.

The EA model can be used to reconstruct space-time correlations from temporal correlations
(He et al. 2010). If the time correlations R1(0, τ ) at a fixed point and R2(r0, τ ) at two points separated
a distance r0 are known, we can use the EA model to calculate the space-time correlations for a
particular range of spatial separations (see Figure 1c):

R(r , τ ) = R1[0, τE (r , τ )], (10)

where τE (r , τ ) =
√

(r − Uτ )2 + (Vτ )2/
√

U 2 + V 2. The parameters U and V can be estimated as
follows. First, find τmax from the known R2(r0, τ ) to maximize R2(r0, τ ) = R[0, τE (r0, τ )], which
requires ∂ R2/∂τ = (∂ R/∂τE )(∂τE/∂τ ) = 0 at (r0, τmax) and thus (U 2 + V 2)τmax = U r0. Second,
find τ0 from the known R1(0, τ ) such that R1(0, τ0) = R2(r0, 0), leading to r2

0 = (U 2 + V 2)τ 2
0 . If

the space-time correlations for multiple spatial separations are known, the parameters U and V
can be averaged over multiple values. This conversion at τ = 0 yields an approximation of the
spatial correlations via the temporal ones.

The EA model has been tested using DNS data for turbulent channel flows at the low Reynolds
number of Reτ = 180 (Zhao & He 2009). The space-time correlations collapse to a universal
form in both the wall region and outer layer with the time separation defined from the EA model,
whereas this was only true in the outer layer with Taylor’s model. Zhou et al. (2011) were the first
to systematically validate the EA model for velocity fields in turbulent Rayleigh-Bénard convec-
tion (RBC). Their experimental results revealed that the EA model is valid for velocity fields in
regions near the sidewall and central region of the cell, where Taylor’s model does not hold. He
et al. (2010) experimentally demonstrated that the EA model is also valid for local temperature
fluctuations in turbulent RBC. Hogg & Ahlers (2013) examined the EA model for space-time corre-
lations of shadowgraph images in RBC and determined the Reynolds numbers in the Grossmann-
Lohse model. Wang et al. (2014) used PIV data of turbulent boundary layers to validate the EA
model.

At the Max Planck Institute for Dynamics and Self-Organization and the University
of California, Santa Barbara, He et al. (2012b, 2014, 2015) extensively tested the validity of the EA
model in turbulent RBC, where Taylor’s frozen-flow hypothesis is not valid because of large fluc-
tuations (Lohse & Xia 2010). Their experimental results verify that the temperature correlation
contours present similar elliptic shapes and the EA model leads to the collapse of all space-time
correlations on the normalized space and time separations. Using the EA model, they unambigu-
ously determined those two parameters U and V and the corresponding Reynolds numbers. The
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dependence of the Reynolds numbers on the Rayleigh numbers and Prandtl numbers in their
experiments is consistent with the Grossmann-Lohse model (Grossmann & Lohse 2001) and
provides landmark evidence of the transition to the RBC ultimate state, predicted by Kraichnan
(1962) (He et al. 2016).

Wilczek & Narita (2012) proposed a simple equation for the space-time energy spectra. This
equation consists of both constant and Gaussian random convection and is given by

û j (k, t)
∂t

+ i [k · (U + v)]û j (k, t) = 0, (11)

which is the combination of Taylor’s frozen-flow hypothesis and the Kraichnan-Tennekes random
sweeping hypothesis. The solution yields a model for the space-time energy spectra:

E(k, ω) = E(k)√
2πk2V 2

exp

[
−(ω − k · U)2

2k2V 2

]
. (12)

This model has the form of the product of a wave-number energy spectrum and a Gaussian fre-
quency spectrum. It demonstrates that the Doppler shift is induced by the constant mean velocity
and the frequency broadening is induced by the random sweeping. This model has been further
parameterized in the logarithmic layer of wall-bounded turbulence and is in good agreement with
LES data of fully rough-wall turbulent channel flows (Wilczek et al. 2015). The space-time cor-
relations obtained from the energy spectra model lead to the approximately elliptic contours of
self-similarity, which provides theoretical justification for the EA model.

2.4. Space-Time Correlations in Compressible Turbulence

Lee et al. (1992) developed a linear-wave propagation model for space-time correlations in com-
pressible turbulence considering the solenoidal and dilatation modes of velocity fluctuations. DNS
of spatially evolving turbulence shows that space-time correlations of solenoidal modes exhibit
the same properties as incompressible turbulence. However, the space-time correlations of dilata-
tional modes contrast with those of incompressible turbulence because acoustic waves propagate
at the local sound speed relative to moving fluids. Based on the acoustic properties of dilatation
modes, they proposed a linear-wave equation in a moving frame, which results in the linear-wave
propagation model. This model predicts the main characteristics of space-time correlations of
dilatation modes, namely, that the well-correlated regions oscillate in a preferential direction.

Li et al. (2013) generalized the linear-wave propagation model by including random sweeping
effects. They argued that dilatation modes are swept by energy-containing eddies as they propagate
at the speed of sound relative to the moving fluid. Therefore, random convection is introduced
into the linear-wave equation as (

D2

Dt2
− ā2∇2

)
ud

j = 0, (13)

where ā is the local speed of sound, ud
j is the dilatation component, and

D
Dt

= ∂

∂t
+ v · ∇. (14)

This model equation leads to the swept-wave model for dilatation correlations:

RD(r , τ ) =
∫ ∞

0
R̂D(k, 0)exp

(
−1

2
V 2k2τ 2

)
cos(kāτ )

sin[k(r − Uτ )]
k(r − Uτ )

dk. (15)
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This model correctly predicts the decay of the space-time correlations of dilatational modes, thus
obtaining good agreement with DNS of compressible-isotropic turbulence.

3. TIME-ACCURATE SUBGRID-SCALE MODELING
FOR LARGE-EDDY SIMULATIONS

In LES, large-scale motions are explicitly resolved, which is not the case for small-scale motions.
However, an SGS model is used to account for the effects of small-scale motions on large-scale mo-
tions. Conventional SGS models are constructed using energy budget equations so that a balance
of the energy transfer between the resolved and unresolved scales can be achieved. For example,
the eddy-viscosity SGS model acts as a sink to dissipate energy at unresolved scales. Therefore,
this class of dissipative model can maintain the energy balance in LES and thus correctly pre-
dict energy spectra or, equivalently, spatial correlations. However, such models may not correctly
predict space-time correlations because these are not determined by spatial correlations alone.
In turbulent flows, the spatial and temporal scales are dynamically coupled so that spatiotempo-
ral statistics are not fully determined by spatial statistics. Therefore, the accurate prediction of
spatiotemporal statistics represents a new requirement for SGS modeling in LES. The objective
of time-accurate SGS models is to accurately predict space-time correlations or, more generally,
multi-time and multipoint statistics. This contrasts with the dissipative SGS models that are de-
veloped to reproduce single-time and multipoint statistics. Time-accurate SGS models not only
represent theoretical interests but also have practical applications to turbulence-generated noise
and particle-laden turbulence.

3.1. Eulerian Space-Time Correlations for Large-Eddy Simulations
of Turbulence-Generated Noise

Eulerian space-time correlations are introduced as a diagnostic tool to evaluate the ability of SGS
modeling to predict the temporal properties of turbulent flows. He et al. (2002) compared time
correlations of velocity modes in stationary isotropic and homogeneous turbulence calculated via
DNS with those calculated via LES using the spectral eddy-viscosity SGS model. This comparison
revealed that the correlation functions from LES decay more slowly at all resolved scales and that
both their integral scales and microscales are larger than those from DNS. The results indicat-
ing that LES with the eddy-viscosity SGS model overpredicts time correlations are confirmed
by EDQNM analysis. The overpredictions are also found in decaying isotropic turbulence (He
et al. 2004), rotating turbulence (Favier et al. 2010), turbulent channel flows (Guo et al. 2012),
and compressible turbulent boundary layers (Martin 2005). Park et al. (2005) concluded that the
class of deterministic SGS models would yield the slower decorrelation of space-time correlations
in isotropic turbulence. Dong & Sagaut (2008) showed that lattice Boltzmann SGS models un-
derestimate the magnitudes of the modal time correlations for a range of wave numbers, similar
to Navier-Stokes SGS models. Comparisons of dissipative SGS models in LES suggest that the
dynamic Smagorinsky SGS model in conjunction with the multiscale LES procedure presents the
most accurate predictions of space-time correlations (He et al. 2004).

The reason that eddy-viscosity SGS models overpredict space-time correlations is that these
models do not consider random backscattering (see the sidebar Backscattering, Space-Time Cor-
relation, and the Eddy-Viscosity Model). In LES, the SGS stress has two main functions: energy
dissipation and random backscattering. The former removes energy from large scales, and the
latter intermittently transfers energy to large scales (Piomelli et al. 1991). Random backscattering
acts as a stochastic force that stirs large-scale motions and reduces their coherence. Eddy-viscosity
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BACKSCATTERING, SPACE-TIME CORRELATION, AND THE EDDY-VISCOSITY
MODEL

Small-scale motions have two main effects on large-scale motions: energy dissipation and random backscattering.
The former results in small-scale motions acting as sinks that absorb energy from large-scale motions, whereas the
latter results in small-scale motions acting as sources that randomly transfer energy backward to large-scale motions,
which reduces the correlation length scales of large-scale motions in both space and time. The eddy-viscosity model
accounts for energy dissipation but ignores random backscattering. As a result, this model overpredicts space-time
correlations in LES.

SGS models represent energy dissipation but omit random backscattering. As a result, these models
generate more coherent flow structures and increase the spatial and time scales (Guo et al. 2012).
This contrasts with LES of transitional flows at the early nonlinear stage, where the mean energy
is transferred from small scales to large scales (Piomelli et al. 1991). The effects of SGS backscat-
tering on eddy viscosities for passive and active scalars were recently investigated by O’Brien et al.
(2014).

A straightforward approach to developing an SGS model for predicting space-time correla-
tions is to add random components to the SGS model. Random forcing can compensate for the
effects of random backscattering, as proposed by Bertoglio (1985), Leith (1990), and Mason &
Thomson (1992) for the predictability problem of turbulence and by Carati et al. (1995) for dy-
namic Smagorinsky models. Random fluctuations can be directly added to the eddy viscosity and
thus generate a partial stochastic eddy viscosity. The stochastic eddy-viscosity model has been
found to increase the decay rates of space-time correlations in comparison with the Smagorinsky
SGS model (Marstorp et al. 2007). Another approach is to use structural SGS models (Clark et al.
1979, Bardina et al. 1980, Stolz & Adams 1999, Domaradzki & Adams 2002), which are based on
reconstructing the SGS stress to account for backscattering effects. Balarac et al. (2013) developed
a dynamic regularized gradient model, which is able to better predict space-time correlations
compared with eddy-viscosity SGS models and gradient SGS models.

LaBryer et al. (2015) proposed a spatiotemporal filtering approach for improving the LES
prediction of the underlying spatiotemporal structures of turbulent flows. In this approach, a
spatial-temporal filter is applied to the Navier-Stokes equations, and the resulting SGS accel-
eration, diffusion, and stress are modeled using mean square error minimization and conditional
stochastic estimations (Langford & Moser 1999). For Burgers turbulence, spatiotemporal filtering
better predicts the modal time correlations than does either spatial or temporal filtering alone. In
early studies, Pruett et al. (2003) developed a temporal filtering approach to formally link LES
with DNS and RANS. The temporal filters can be combined with an appropriate spatial filter to
achieve Galilean invariance. This temporal LES is capable of predicting both the frequency spec-
tra of the Burgers equations and the main characteristics of turbulent channel flows (Fadai-Ghotbi
et al. 2010).

The effects of SGS modeling on sound radiation in LES can be studied through space-time
correlations. In terms of the Lighthill acoustic analogy, the far-field sound is explicitly dependent
on the space-time correlations of turbulent sound sources. Hence, the effects of SGS models on
sound radiation can be estimated using space-time correlations. Rubinstein & Zhou (2002) used
space-time correlation models to estimate the SGS contributions to sound power spectra. Their
results show that sound power spectra at high frequencies are significantly underestimated if the
SGS motions are simply ignored. He et al. (2004) found that the larger decorrelation timescales

www.annualreviews.org • Space-Time Correlations in Turbulent Flows 61



FL49CH03-He ARI 12 November 2016 8:48

obtained using eddy-viscosity SGS models would result in significant reductions of acoustic power
spectra at higher frequencies. Both those errors exist in LES and in combination result in the left
shifts of the spectral peaks to low frequencies. The results obtained from space-time correlation
models are consistent with the assessment of LES-based sound radiation calculations. The SGS
contribution cannot simply be neglected, and the SGS models are required to recover the acoustic
intensity and adjust the locations of the peaks in the spectra (Bailly et al. 1997, Seror et al. 2000).
In early studies, Bodony & Lele (2003) highlighted the important contributions of missing scales
to sound radiation and proposed an SGS noise model for them. Recently, a kinematic simulation
was used to reconstruct the missing-scale motions in isotropic turbulence (Fung et al. 1992, Yao
& He 2009) and turbulent shear flows (Ghate & Lele 2015).

Several models for space-time correlations in the framework of the Lighthill acoustic analogy
have been developed. The characteristics of space-time correlation models are critically important
to sound generation and radiation (Viswanathan et al. 2011). For sound radiated from isotropic
turbulence, if the random sweeping model for space-time correlations is invoked, the frequency
spectra scale as −4/3; if the local straining model is used instead, the scaling is −7/2 (Rubinstein
& Zhou 2000). Lilley (1994) assumed that space-time correlations are separable into space and
time variables, where the spatial correlations are modeled as Gaussian functions and the time
correlations are modeled as exponential functions, in accordance with the time correlations in
DNS. For jet noise, the space-time correlation model is generalized in the fixed and moving
frames and fitted with experimental and DNS data (Bailly et al. 1997, Morris & Farassat 2002).
To identify the sources of jet noise, Tam & Auriault (1999) and Tam et al. (2005) developed a
model that can match the envelopes of space-time correlations in a moving frame. During the
development of a hybrid source model for predicting high-speed jet noise, Leib & Goldstein
(2011) proposed a nonseparable space-time correlation model in the moving frame.

3.2. Lagrangian Time Correlations for Large-Eddy Simulations
of Particle-Laden Turbulence

In LES of particle-laden turbulence, large-scale fluid velocities are resolved with an appropriate
SGS model, and the resolved velocities are then substituted into the particle equations of motion
to calculate particle trajectories. Due to the chaotic motions of particles in turbulent flows, it is
unlikely that LES could exactly track the particle trajectories. Instead, it is expected that LES
can predict the Lagrangian statistics of particle motions, typically Lagrangian time correlations.
However, the current LES suffers from two fundamental challenges. First, the SGS velocity
models may not fully reproduce the effects of SGS velocities on the resolved velocity fields and
could modify the Lagrangian statistics of the resolved velocity fields. Second, the SGS velocity
fields mainly determine the motions of particle pairs with separation distances below the resolved
scales; thus, the omission of SGS velocities may significantly change the particle dispersion and
clustering. Therefore, SGS particle models are needed to address these challenges.

Yang et al. (2008) investigated the effects of SGS modeling on the Lagrangian statistics of fluid
particles in isotropic and homogeneous turbulence using DNS and LES with a spectral eddy-
viscosity model. LES is capable of predicting the Lagrangian statistics of single fluid particles
because they are dominated by large-scale motions. However, LES significantly underestimates
the relative dispersion rates of particle pairs and multiple particles for separation distances that are
smaller than or comparable to the minimum resolvable scales. The closure arguments show that
the spectral eddy-viscosity SGS model increases the timescales of Lagrangian time correlations,
leading to the slower decay of Lagrangian space-time correlations. This is similar to the effects of
the spectral eddy-viscosity SGS model on Eulerian space-time correlations (He et al. 2002): The
eddy-viscosity SGS models increase the time correlations.

62 He · Jin · Yang



FL49CH03-He ARI 12 November 2016 8:48

SUBGRID-SCALE MOTION, LAGRANGIAN TIME CORRELATION, AND
SUBGRID-SCALE PARTICLE MODELING

Subgrid-scale motion mainly determines the dispersion rates of particle pairs with separation distances that are
smaller than or comparable to the minimum resolvable scales. The absence of subgrid-scale motion leads to the
slower dispersion of particle pairs. This can be found by comparing filtered velocities with unfiltered ones: La-
grangian time correlations from filtered velocities decay much slower than ones from unfiltered velocities. There-
fore, an SGS particle model is needed to account for the effects of the subgrid-scale motions on particle motions.

FDNS filtered direct
numerical simulation

The effects of SGS motion on inertial particles have been examined by comparing data from
DNS and filtered direct numerical simulation (FDNS) (Fede & Simonin 2006, Pozorski & Apte
2009) (see the sidebar Subgrid-Scale Motion, Lagrangian Time Correlation, and Subgrid-Scale
Particle Modeling). Early studies showed that one-particle statistics are slightly affected by SGS
motions and can be predicted by LES (Wang & Squires 1996, Armenio et al. 1999). In contrast,
the collision-related statistics of inertial particles can be significantly affected by SGS motions:
For small Stokes numbers, FDNS underpredicts the radial distribution function and radial relative
velocity at contact; for intermediate Stokes numbers, FDNS results are larger than those from
DNS; and for larger Stokes numbers, the collision rate can be well predicted by FDNS ( Jin et al.
2010, Ray & Collins 2011). For practical LES, the errors due to neglecting the SGS motions are
combined with those caused by the SGS model, which lead to profound effects on the collision-
related statistics of inertial particles ( Jin et al. 2010, Chibbaro et al. 2014, Cernick et al. 2015).

Figure 2a,b shows the particle distribution for StK = 1.0 superimposed on the vorticity con-
tours from DNS and LES with a spectral eddy-viscosity model. Evidently, the particles accumulate
in regions of low vorticity and high strain rates (Squires & Eaton 1991, Wang & Maxey 1993,
Balachandar & Eaton 2010). However, the opposite effects of the SGS motions on particle cluster-
ing are found at different Stokes numbers: The particle clustering is greater in DNS than in LES
at small Stokes numbers; in contrast, the particle distribution is less uniform in DNS compared to
LES at large Stokes numbers (not shown in figure) (Pozorski & Apte 2009, Jin et al. 2010, Ray &
Collins 2011). Figure 2c plots the particle density spectra obtained from DNS, FDNS, and LES.
The FDNS result is in between those of the DNS and LES. The peak from the LES is located to
the left of the one from the DNS, and the variances (area integrations) from the LES and FDNS
are smaller than that from the DNS ( Jin et al. 2010, Urzay et al. 2014). These results indicate that
the particles in the LES and FDNS are located at larger scales and are more uniform than those
in DNS at small Stokes numbers.

Ray & Collins (2011) demonstrated that a simple rescaling of the Stokes numbers based on the
timescales of the resolved velocity could not reproduce the Lagrangian statistics of the particle
motions because there is nonlinear coupling between the particle velocities and positions. The
approximate deconvolution method could recover the one-particle statistics and, to some extent,
improve the prediction of two-particle statistics with separations approximately equal to the grid
resolution (Kuerten & Vreman 2005, Kuerten 2006, Shotorban et al. 2007). In particular, the dy-
namic approximate deconvolution method based on elliptic differential filters could better predict
the statistics of the preferential concentrations (Park et al. 2015). Stochastic Langevin equations
have been used to reconstruct the SGS motions of inertial particles. If the characteristic timescales
of one-particle motions are introduced, they are capable of predicting the one-particle statistics
(Fede et al. 2006, Shotorban & Mashayek 2006, Wei et al. 2006). Recently, a class of stochastic
equations has been developed to predict two-particle statistics (Ray & Collins 2013, Mazzitelli
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Figure 2
(a,b) Slices of preferential concentrations of inertial particles at StK = 1.0 with a thickness of 2η overlaid on vorticity magnitude
contours of isotropic turbulence from direct numerical simulation (DNS) and large-eddy simulation (LES), respectively. The slices are
on the (x, y) plane at the center z = L/2. η is the dissipation scale. (c) Particle density spectra in DNS, filtered direct numerical
simulation (FDNS), and LES.

et al. 2014). Kinematic simulations have also been used to reconstruct SGS motions, with inputs
of the characteristic timescales (Flohr & Vassilicos 2000, Jung et al. 2008), leading to a better
prediction of the two-particle statistics (Ray & Collins 2014). Pozorski & Apte (2009) noted that
a spatial filter is valid only for field variables and is not applied to any one-dimensional particle
trajectory. Accordingly, Lagrangian filtering is proposed for particle motions and used to develop
the Lagrangian version of the deconvolution and structural SGS model (He et al. 2012a).

SUMMARY POINTS

1. Space-time correlation models for canonical turbulent flows include the random sweep-
ing model and local straining model for isotropic and homogeneous turbulence, Taylor’s
frozen-flow model and the EA model for turbulent shear flows, and the linear-wave propa-
gation model and swept-wave model for compressible turbulence. These models describe
how the spatial and temporal scales of turbulent motions are coupled and provide the
characteristic timescales for two-point closure approaches.
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2. The frozen-flow hypothesis in Taylor’s model omits the distortion of convected eddies,
leading to a linear approximation to iso-correlation contours. The EA model accounts for
the distortion of convected eddies via a second-order approximation to the iso-correlation
contours. This model includes both mean-flow convection and random sweeping effects
and can be used to calculate the spatial energy spectra from temporal information in
turbulent shear flows.

3. Accurate predictions of space-time correlations are critically important to LES of
turbulence-generated noise and particle-laden turbulence. However, the characteristic
timescales of space-time correlations are overpredicted by the common class of dissipa-
tive SGS models because dissipative SGS models are based on energy balance equations
and the timescales are not explicitly considered. Space-time correlations can be used as
a diagnostic tool and construction approach for time-accurate SGS models.

4. The Lagrangian statistics of turbulence-driven particle motions in LES are affected
by both SGS velocity models and the missing SGS flow velocities. The effects of the
SGS flow velocities are significant, especially for small–Stokes number particles with
separation distances that are smaller than or comparable to the minimum resolvable
scales. Therefore, an SGS particle model is needed to account for the effects of the SGS
velocities on particle dispersion and clustering. The approximate deconvolution method
and stochastic Langevin equations are being developed for this purpose.

FUTURE ISSUES

1. Space-time correlation models for other flow features, such as pressure and concen-
tration, must be developed, whereas space-time correlation models for velocity fluctu-
ations remain to be improved. It is unknown whether the decorrelation mechanisms
for space-time correlations remain valid for higher-order spatial and temporal statistics.
Such problems might be explored using a successive approximation to iso-correlation
contours starting from Taylor’s frozen-flow hypothesis.

2. A substantial challenge in turbulence theory is the determination of the relationship be-
tween Eulerian and Lagrangian space-time correlations. This is related to understand-
ing the Eulerian and Lagrangian decorrelation of small-scale eddies in turbulent flows.
Lumley (1962) noted that finding such a relationship would imply that one must solve a
particular closure problem.

3. It is important to develop time-accurate SGS models to predict space-time correlations.
For this purpose, structural SGS models should be examined in terms of space-time
correlations. Stochastic SGS models, such as random forcing models, represent alterna-
tives that could correct the timescales of resolved velocity fields. Kinematic simulations
that are limited to SGS motion (or kinematic SGS models) can be used to represent
unresolved velocity fields with imposed spatial-temporal statistics.

4. Space-time correlation models are effective tools for reconstructing full space-time en-
ergy spectra from a subset of spatial and temporal signals that are now available from
PIV measurements. Taylor’s model represents a method for converting between spatial
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and temporal signals obtained from hot-wire measurements. These models motivate the
development of data-driven learning methods for mapping a subset of a field of view to
the full spectra in PIV measurements.
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