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Abstract

When the continuous symmetry of a physical system is spontaneously
broken, two types of collective modes typically emerge: the amplitude and
the phase modes of the order-parameter fluctuation. For superconductors,
the amplitude mode is referred to most recently as the Higgs mode as it is a
condensed-matter analog of a Higgs boson in particle physics. Higgs mode
is a scalar excitation of the order parameter, distinct from charge or spin
fluctuations, and thus does not couple to electromagnetic fields linearly.
This is why the Higgs mode in superconductors has evaded experimental
observations for over a half century after the initial theoretical prediction,
except for a charge-density-wave coexisting system. With the advance of
nonlinear and time-resolved terahertz spectroscopy techniques, however,
it has become possible to study the Higgs mode through the nonlinear
light–Higgs coupling. In this review, we overview recent progress in the
study of the Higgs mode in superconductors.
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1. INTRODUCTION AND A BRIEF HISTORICAL OVERVIEW

Spontaneous breaking of a continuous symmetry is a fundamental concept of phase transition
phenomena in various physical systems ranging from condensed matter to high-energy physics
(1). For instance, a ferromagnetic transition is characterized by the spontaneous breaking of spin
rotational symmetry. Likewise, superconductivity is characterized by the spontaneous breaking of
U(1) rotational symmetry with respect to the phase of a macroscopic wavefunction (2).

When a continuous symmetry is spontaneously broken, there emerge two types of collective
modes in general: fluctuations of the phase and amplitude of the order parameter as schematically
shown in Figure 1a. The phase mode also termed Nambu–Goldstone or NG mode is primarily
a gapless (massless) mode (3–8) as required by the symmetry. An acoustic phonon is an exam-
ple that is associated with spontaneous breaking of translational symmetry in a crystal lattice.
The amplitude mode, however, is generally a gapped (massive) mode because its excitation costs a
finite energy due to the presence of the potential curvature along the radial direction (Figure 1a).
The amplitude mode (especially for superconductors) is often called the Higgs mode according
to the close analogy with the Higgs boson in particle physics. It may sound strange that one talks
about the Higgs particle in condensed matter systems, but in fact the origin of the idea of Higgs
physics can be found in the course of the study of superconductivity (3–9). Namely, the standard
model in particle physics can be viewed as a relativistic version of the Ginzburg–Landau (GL) the-
ory (2), i.e., a low-energy effective theory of superconductors. The emergence of the Higgs mode
is a universal and fundamental phenomenon in systems with spontaneous symmetry breaking.

The Higgs mode occupies a special status for superconductors in which the order parameter
couples to gauge fields because it is the lowest-energy collective excitation mode (Figure 1b). The
massless phase mode is absorbed into the longitudinal component of electromagnetic fields and is
lifted to high energy in the scale of the plasma frequency due to the Anderson–Higgs mechanism
(4–6, 9–13). As a result, the amplitude mode becomes stable against the decay to the phase mode
in superconductors. The existence of the amplitude mode in superconductors was suggested by
Anderson (5, 14) soon after the development of a microscopic theory of superconductivity by
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(a) A schematic picture of the Higgs (red ) and NG (blue) modes represented on the Mexican-hat free-energy
potential as a function of the complex order parameter �. (b) A schematic excitation spectrum of an s-wave
superconductor. Due to the Anderson–Higgs mechanism, the NG mode acquires an energy gap in the order
of the plasma frequency ωp, whereas the Higgs mode remains in low energy with an energy gap 2�, above
which the quasiparticle excitation continuum overlaps. Abbreviation: NG, Nambu–Goldstone.
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Bardeen, Cooper, and Schrieffer (BCS) (15). In an s-wave (BCS-type) superconductor, the Higgs-
mode energy ωH coincides with the superconducting gap energy 2� (5, 15a–19; see also 20, 21).
This is eventually consistent with Nambu’s conjectural sum rule (21, 22): ω2

H + ω2
NG = 4�2 with

the NGmode energy ωNG = 0. Because the Higgs mode lies at the lower bound of the quasiparti-
cle continuum near zero momentum, the decay of the Higgs mode to single-particle excitations is
suppressed and becomes a much slower power law (16). For nonzero momentum, the Higgs mode
can decay by transferring its energy to quasiparticle excitations. The energy dispersion and the
damping rate of theHiggsmode has been derived within the randomphase approximation (18, 19).

Given that the theory of the Higgs particle originates from that of superconductivity and that
the Higgs particle was discovered in large hadron collider (LHC) experiments in 2012 (23, 24),
it is rather surprising that an experimental observation of the Higgs mode in superconductors,
a home ground of Higgs physics, has been elusive for a long time. There are, however, good
reasons for this: The Higgs mode does not have any electric charge, electric dipole, magnetic
moment, and other quantumnumbers. In other words, theHiggsmode is a scalar excitation (which
is distinct from, e.g., charge fluctuations). Therefore, it does not couple to external probes such as
electromagnetic fields in the linear-response regime. Another reason is that the energy scale of the
Higgs mode lies in that of the superconducting gap, which is in the order of millielectron volts in
typical metallic superconductors. To excite the Higgs mode, one needs an intense terahertz (THz)
light source (1 THz ∼ 4 meV ∼ 300 µm), which has become available only in the past decade.

One exception (and the first case) for the observation of the Higgs mode in superconductors in
the early stages was theRaman scattering experiment for a superconductor 2H-NbSe2 (25, 26). It is
exceptional in the sense that superconductivity and charge-density wave (CDW) coexist in a single
material. The Raman peak observed near the superconducting gap energy 2� in 2H-NbSe2 was
first interpreted as a single-particle excitation across the gap (25, 26). Later, Littlewood & Varma
(18, 19) theoretically elucidated that the peak corresponds to the scalar excitation of the amplitude
mode (i.e., the Higgs mode; see also Reference 27). A renewed interest in the Raman signal has
recently revealed the importance of the coexisting CDW order for the Higgs mode to be visible
in the Raman response (28–30). Indeed, the Raman peak of the Higgs mode has been shown to be
absent in a superconducting NbS2, which is a material similar to NbSe2 but has no CDW order
(28).

A long-standing issue is whether the Higgs mode can be observed in superconductors without
CDW order. On the theoretical side, there have been various proposals for the excitation of the
Higgs mode, including quench dynamics (16, 31–37) as well as laser excitation (38–44). It is only
after the development of ultrafast pump-probe spectroscopy techniques in the low-energy THz-
frequency region that a clear observation of theHiggs-mode oscillation has been reported in a pure
s-wave superconductorNbN (45) (with “pure”meaning no other long-range order such as CDW).
Subsequently, the Higgs mode was experimentally demonstrated to couple to electromagnetic
fields in a nonlinear way through the THz pump-probe and third harmonic generation (THG)
measurements (46). In the THG experiment, a resonant enhancement of THG was discovered
(46) at the condition 2ω = 2� with ω being the frequency of the incident THz light, indicating
the nonlinear light–Higgs coupling in a two-photon process (42).

Meanwhile, it has been theoretically pointed out that not only the Higgs mode but also
charge-density fluctuation (CDF) can contribute to the THG signal (47). The CDF generally
gives a much larger contribution than the Higgs mode in a clean-limit superconductor within
the BCS mean-field approximation. Whereas the relative magnitude of the Higgs-mode and
CDF contributions to the THG has been under debate (47–50), theoretical progress has recently
been made on the theory of the light–Higgs coupling, showing that the effects of both phonon
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retardation (48) and nonmagnetic impurity scattering (51–54) drastically enhance theHiggs-mode
contribution to nonlinear optical responses, which far exceeds the CDF contribution.

The experiments have been extended to high-Tc cuprate superconductors, showing the pres-
ence of the Higgs-mode contribution to the pump-probe signal in d-wave superconductors (55).
Recently the THG has also been identified in various high-Tc cuprates (56). The Higgs mode can
be made visible in a linear optical response if dc supercurrent is flowing in a superconductor (57).
The IR-activated Higgs mode in the presence of supercurrents has recently been observed in a
superconductor NbN (58).

In this review article, we overview recent progress in the study of the Higgs mode in su-
perconductors (where the Anderson–Higgs mechanism is taking place), with an emphasis on
the experimental aspects. In a broader context, collective amplitude modes are not limited to
superconductors but are ubiquitous in condensed matter systems that may not be coupled to
gauge fields (hence without the Anderson–Higgs mechanism). Those include squashing modes
in superfluid 3He (59), amplitude modes in bosonic and fermionic condensates of ultracold-atom
systems (60, 61), amplitude modes in quantum antiferromagnets (62), and so on. A comprehensive
review including these topics can be found in Reference 63.

2. NONLINEAR LIGHT–HIGGS COUPLING

In this section,we review from a theoretical point of view how theHiggs mode in superconductors
couples to electromagnetic fields in a nonlinear way. It is important to understand the mechanism
of the nonlinear light–Higgs coupling for observing the Higgs mode in experiments. In fact, the
Higgs mode does not have a linear response against electromagnetic fields in usual situations,
which has been a longtime obstacle for detecting the Higgs mode in superconductors.

2.1. A Phenomenological View

Let us first take a phenomenological point of view based on the GL theory (2), which provides
us with a quick look at the nonlinear light–Higgs coupling. For early developments based on
the time-dependent GL theory, we refer to References 64–68. In the GL theory, the free-energy
density f is assumed to be a functional of a complex order-parameter field ψ (r),

f [ψ] = f0 + a|ψ (r)|2 + b
2
|ψ (r)|4 + 1

2m∗ |(−i∇ − e∗A)ψ (r)|2, 1.

where a = a0(T − Tc ), a0 and b are some constants, m∗ and e∗ are the effective mass and the ef-
fective charge of the Cooper pair condensate, and A is the vector potential that represents the
external light field [E(t ) = −∂A(t )/∂t]. The amplitude of the order parameter corresponds to the
superfluid density (i.e., |ψ |2 = ns), whereas the phase corresponds to that of the condensate.

The free-energy density (Equation 1) is invariant under the global U(1) phase rotation
ψ (r) → eiϕψ (r) and more generally under the gauge transformation ψ (r) → eie∗χ (r)ψ (r), with
A(r) → A(r) + ∇χ (r) for an arbitrary scalar field χ (r). In addition, the GL free-energy density
(Equation 1) is invariant against the particle–hole transformation ψ (r) → ψ†(r). The presence of
the particle–hole symmetry (including the time derivative terms in the action) is crucial (27, 63, 69)
in decoupling the Higgs amplitude mode from the phase mode (NG mode) in electrically neutral
systems such as superfluid ultracold atoms.Without the particle–hole symmetry, the Higgs mode
quickly decays into the phase mode and becomes short-lived. In superconductors (which consist
of electrically charged electrons), by contrast, the phase mode acquires an energy gap on the or-
der of the plasma frequency due to the Anderson–Higgs mechanism. This prevents the Higgs
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mode from decaying into the phase mode. The particle–hole symmetry itself is realized as an
approximate symmetry in the Bogoliubov–de Gennes Hamiltonian, which describes microscopic
low-energy physics of superconductors around the Fermi energy at the mean-field level.

When the temperature goes below the critical temperature (i.e., a < 0), the global U(1) sym-
metry is spontaneously broken, and the system turns into a superconducting state. The order-
parameter fluctuation from the ground state [ψ (r) = ψ0] can be decomposed into amplitudeH (r)
and phase θ (r) components,

ψ (r) = [ψ0 +H (r)]eiθ (r). 2.

Then, the GL potential can be expressed up to the second order of the fluctuation as

f = −2aH2 + 1
2m∗ (∇H )2 + e∗2

2m∗

(
A − 1

e∗
∇θ

)2

(ψ0 +H )2 + . . . . 3.

The first term on the right-hand side of Equation 3 indicates that the Higgs mode has an energy
gap (Figure 1b) proportional to (−a)1/2 ∝ (Tc − T )1/2. The microscopic BCS mean-field theory
predicts that the Higgs gap is identical to the superconducting gap 2� (5, 15a–19). The phase
field θ (r) does not have such a mass term, so at first sight one would expect to have a massless NG
mode. However, θ (r) always appears in the form of (A − ∇θ/e∗ ) in Equation 3, which allows one
to eliminate θ (r) from the GL potential by taking a unitary gauge A′ = A − ∇θ/e∗. As a result, we
obtain (denoting A′ as A)

f = −2aH2 + 1
2m∗ (∇H )2 + e∗2ψ2

0

2m∗ A2 + e∗2ψ0

m∗ A2H + . . . . 4.

One can see that the phase mode is absorbed into the longitudinal component of the electro-
magnetic field. At the same time, there appears a mass term for photons (the third term on the

right-hand side of Equation 4) with themass proportional to
√
e∗2ψ2

0 /m∗ (Anderson–Higgs mech-
anism). Due to this, electromagnetic waves cannot propagate freely inside superconductors but
decay exponentially with a finite penetration length (Meissner effect).

From Equation 4, one immediately sees that there is no linear coupling between the Higgs
and electromagnetic field. This is consistent with the fact that the Higgs mode does not have an
electric charge, magnetic moment, and other quantum numbers, which has been a main obstacle
in observing the Higgs mode by an external probe for a long time. In contrast, there is a nonlinear
coupling term A2H in Equation 4 that causes the Higgs mode to contribute in various nonlinear
processes. In Figure 2a, we illustrate the diagrammatic representation of the nonlinear light–
Higgs coupling, where two photons are coming in with frequencies ω1 and ω2 and one Higgs is
emitted with frequency ω1 + ω2. This is analogous to the elementary process of the Higgs par-
ticle decaying into W bosons that played a role in the discovery of the Higgs particle in LHC
experiments (23, 24).

Due to the nonlinear interaction between the Higgs mode and electromagnetic fields, one can
induce a nonlinear current given by

j = − ∂F
∂A

= − ie∗

2m∗ [ψ
†∇ψ − (∇ψ†)ψ] − e∗2

m∗ Aψ
†ψ. 5.

Again, we expand ψ around the ground state ψ0 in Equation 5 and collect leading terms in H ,
which results in

j = −2e∗2ψ0

m∗ AH. 6.
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(a) Diagrammatic representation of the nonlinear light–Higgs coupling A2H in Equation 4. (b) Third
harmonic generation mediated by the Higgs mode. (c) Pump-probe spectroscopy mediated by the Higgs
mode.

This is simply the leading part of the London equation j = −(e∗2ns/m∗ )A (let us recall that the
amplitude of the order parameter corresponds to the superfluid density, |ψ |2 = ns).

When a monochromatic laser with frequency ω drives a superconductor, the amplitude of the
order parameter oscillates with frequency 2ω due to the nonlinear coupling A2H (Figure 2a).
Together with the oscillation of A with frequency ω in Equation 6, the induced nonlinear current
shows an oscillation with frequency 3ω. As a result, one obtains the THG mediated by the
Higgs mode (Figure 2b). Because the Higgs mode has an energy 2� at low momentum, one
can resonantly excite the Higgs mode by a THz laser with a resonance condition 2ω = 2�.
Given that the nonlinear current is proportional to the Higgs-mode amplitude (Equation 6),
the third harmonic generation can be resonantly enhanced through the excitation of the Higgs
mode. The Higgs-mode resonance in THG has been experimentally observed for a conventional
superconductor (46).

Another example of nonlinear processes to which the Higgs mode can contribute is pump-
probe spectroscopy in which pump and probe light are simultaneously applied (Figure 2c). In this
case, photons with different frequencies ωpump and ωprobe are injected, and those with the same
respective frequencies are emitted. There are three possibilities of the frequency carried by the
Higgs mode: ωpump ± ωprobe and ωpump − ωpump = ωprobe − ωprobe = 0. If one uses a THz pump and
optical probe, i.e., ωpump � 2� and ωprobe � 2�, the first two channels do not contribute because
the excitation of the Higgs mode is far off-resonant. The remaining zero-frequency excitation
channel contributes to the pump-probe spectroscopy. This process has been elaborated in the
experimental study of the Higgs mode in d-wave superconductors (55).

2.2. A Microscopic View

In the previous subsection, we reviewed the phenomenology for the nonlinear light–Higgs
coupling using the GL theory. However, strictly speaking, the application of the GL theory to
nonequilibrium problems is not microscopically justified in the case of gapped superconductors
(70–72). The reason is that in a usual situation one cannot neglect the effect of quasiparticle
excitations whose relaxation time is longer than the timescale of the order-parameter variation.
Furthermore, the Higgs mode and quasiparticle excitations are energetically degenerate at low
momentum (Figure 1b), so it is inevitable to excite quasiparticles at the same time when one ex-
cites theHiggs mode.This motivates us to take a microscopic approach for further understanding.

Let us adopt the time-dependent BCS or Bogoliubov–de Gennes equation, which is efficiently
represented by the Anderson pseudospin σk = 1

2 〈�†
kτ�k〉 (5). Here, �†

k = (c†k↑, c−k↓ ) is the
Nambu spinor, τ = (τx, τy, τz ) are Pauli matrices, c†kσ (ckσ ) is the creation (annihilation) operator of
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(a) Momentum distribution of a superconducting state (upper) and its pseudospin representation due to Anderson (lower). (b) Pseudospin
precession induced by a laser field. Panels adapted from Reference 46 with permission. Abbreviation: BCS, Bardeen–Cooper–Schrieffer.

electrons with momentum k and spin σ , and 〈· · ·〉 denotes the statistical average. Physically, the x
and y components of the Anderson pseudospin correspond to the real and imaginary parts of the
Cooper pair density, respectively, and the z component corresponds to the momentum occupation
distribution of electrons (Figure 3a). With this notation, the BCS mean-field Hamiltonian is
written as

HBCS = 2
∑
k

bk(t ) · σk, 7.

bk(t )=
{
−�′(t ),−�′′(t ),

1
2
[εk+A(t ) + εk−A(t )]

}
. 8.

Here, bk(t ) is a pseudomagnetic field acting on pseudospins;�′ and�′′ are the real and imaginary
parts of the superconducting gap function, respectively; and εk is the band dispersion of the
system. The equation of motion for the pseudospins is given by the Bloch-type equation,

∂

∂t
σk(t ) = 2bk(t ) × σk(t ), 9.

supplemented by the mean-field condition �′(t ) + i�′′(t ) = V
N

∑
k[σ

x
k (t ) + iσ yk (t )] with V the

attractive interaction and N the number of k points. The time evolution of the superconducting
state is thus translated into the precession dynamics of Anderson pseudospins (Figure 3b).

The coupling to the electromagnetic field appears in the z component of the pseudomag-
netic field, bzk = 1

2 [εk+A(t ) + εk−A(t )]. If we expand bzk in terms of A(t ), we obtain bzk = εk +
1
2

∑
i j

∂2εk
∂ki∂k j

AiAj + O(A4). The linear coupling term vanishes, which is consistent with the phe-
nomenology that we have reviewed in Section 2.1. The leading nonlinear coupling term is
quadratic in A(t ). In Figure 4a, we show a numerical result for the time evolution of the gap
function �(t ) when the system is driven by a multicycle electric-field pulse. One can see that the
2ω oscillation of the gap is generated during the pulse irradiation, after which a free gap oscillation
continues with the frequency 2� and the amplitude slowly damping as t−1/2 (16).

For a monochromatic wave A(t ) = A0 sinωt, one can solve the equation of motion semiana-
lytically by linearizing with respect to the quadratic coupling Ai(t )Aj (t ) around the equilibrium
solution. The result shows that the amplitude of the gap function varies as (42)

δ�(t ) ∝ |2ω − 2�|− 1
2 cos(2ωt − φ) 10.
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(a) A numerical result for the time evolution of the superconducting gap �(t ) driven by an electric field pulse
E(t ) with the frequency ω = 2π/5 ∼ 1.26. Here, we take a two-dimensional square lattice with a bandwidth
8 at half filling. The interaction is V = 4, and the initial temperature is T = 0.02. The polarization of the
electric field is parallel to the x axis. The left (right) vertical axis represents the value of �(t ) [E(t )] as
indicated by the arrows. (b) The amplitude of the 2ω oscillation of the superconducting gap as a function of
2ω/2�. Panel b adapted from Reference 42 with permission.

for ω ∼ �, where φ is a phase shift. The induced oscillation frequency is 2ω, reflecting the nonlin-
ear coupling between theHiggs mode and electromagnetic fields,A2H . The oscillation amplitude
diverges when the condition 2ω = 2� is fulfilled (Figure 4b). This is much the same as the spin
resonance phenomenon: The forced collective precession of the pseudospins with frequency 2ω
due to the nonlinear coupling resonates with the Higgs mode whose energy coincides with 2�.
The power of the divergence 1

2 in Equation 10 is smaller than that of a resonance with an infinitely
long-lived mode (∼|2ω − ω∗|−1). The reason is that the precession gradually dephases due to the

momentum-dependent frequency ωk = 2
√
ε2k +�2 for each pseudospin so that the average of the

pseudospins δ�(t ) = V
N

∑
k δσ

x
k (t ) shows a power-law damping of oscillations. The phase shift φ

exhibits a π

2 jump as one goes across the resonance by changing the drive frequency ω.
In the case of the square lattice and the polarization of the electric field parallel to the diagonal

direction in the xy plane, for example, the current is given by j(t ) ∝ A(t )δ�(t ) (42, 46), which cor-
responds to the phenomenological relation j(t ) ∝ A(t )H (t ) (Equation 6). As expected, the Higgs
mode induces a resonant enhancement of the THG. However, it has been pointed out (47) that
the current relation is valid only in rather special situations such as the square lattice and the po-
larization parallel to the diagonal direction. In general, the BCSmean-field treatment (in the clean
limit) suggests that the Higgs-mode contribution to the THG is subdominant as compared with
that of individual quasiparticle excitations. Because the energy scales of the Higgs mode and the
quasiparticle pair excitations are in the same order (∼2�; see Figure 1b), the competition between
the two contributions always matters. This point is further examined in the next subsection.

2.3. Impurity and Phonon Assisting

As we have seen in the previous subsection, the Higgs-mode contribution to the THG is generally
subdominant in the BCS clean limit. However, there is a growing understanding from recent
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studies (48, 49, 51–54) that if one considers effects beyond the BCS mean-field theory in the clean
limit (such as impurity scattering and phonon retardation), the light–Higgs coupling strength
drastically changes.

To understand the impact of these effects, let us consider the linear optical response. The
current induced by a laser field is decomposed into the paramagnetic and diamagnetic components
j = jpara + jdia with (73)

jpara =
∑
kσ

∂εk

∂k
〈c†kσ ckσ 〉, 11.

jdia =−
∑
kσ i

∂2εk

∂k∂ki
Ai〈c†kσ ckσ 〉. 12.

As we have seen in the pseudospin picture in Section 2.2, only the diamagnetic coupling con-
tributes to the optical response in the mean-field level with no disorder, resulting in Re σ (ω) ∝
δ(ω) and Im σ (ω) ∝ 1/ω for the superconducting state. For finite frequency (ω 
= 0), the real part
of the optical conductivity vanishes in the BCS clean limit. This does not necessarily mean that
the real part of the optical conductivity is suppressed in real experimental situations. For example,
in superconductors with a disorder the real part of the optical conductivity is nonzero and not
even small for ω 
= 0. In fact, a superconductor NbN used in the experiment of the THG turns
out to be close to the dirty regime (γ � 2�, where γ is the impurity scattering rate) as confirmed
from the measurement of the optical conductivity (45).

In much the same way as the optical conductivity, the nonlinear response intensity is strongly
affected by the impurity effect. The γ dependence of the relative order of magnitudes of the third-
order current is summarized in Table 1, where εF is the Fermi energy and the unit of j(3) is taken
such that the diamagnetic-coupling contribution of the quasiparticles is set to be of order 1 (which
does not significantly depend on γ ). In the BCS clean limit (γ → 0), we have only the diamagnetic
coupling, for which the Higgs-mode contribution is subleading in the order of (�/εF)2 compared
with the quasiparticles. However, in the presence of impurities (γ 
= 0), the paramagnetic cou-
pling generally emerges to contribute to the THG. Its relative order of magnitude changes as
(εFγ /�2)2 → (εF/γ )2 from the clean to dirty limit. The maximum strength of the paramagnetic
coupling is achieved around γ ∼ �, where the relative order reaches (εF/�)2 for both the Higgs
mode and quasiparticles. Thus, the impurity scattering drastically enhances the light–Higgs cou-
pling: In the clean limit the Higgs-mode contribution is subleading to quasiparticles, whereas in
the dirty regime it becomes comparable with or even larger than the quasiparticle contribution.
The precise ratio between the Higgs and quasiparticle contributions may depend on details of the
system. Recent studies (52–54) suggest that in the dirty regime the Higgs-mode contribution to
THG is an order of magnitude greater than the quasiparticle contribution. An enhancement of
the paramagnetic coupling also occurs for strongly coupled superconductors due to the phonon
retardation effect (48).

Table 1 Relative order of magnitudes of the third-order current j(3) in general
situations (53)

Mode Channel Clean → Dirty
Higgs Dia (A2) (�/εF)2

Para (p · A) (εFγ /�2)2 → (εF/γ )2

Quasiparticles Dia (A2) 1
Para (p · A) (εFγ /�2)2 → (εF/γ )2
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2.4. Further Developments

So far, we have reviewed the phenomenological and mean-field treatments of the nonlinear light–
Higgs coupling for conventional s-wave superconductors with or without disorder. For strongly
coupled superconductors with an electron–phonon coupling constant λ � 1 [which is the case for
NbN superconductors (74–76)], one must take account of strong correlation effects. One use-
ful approach for this is the nonequilibrium dynamical mean-field theory (77), which accounts for
local dynamical correlations by mapping a lattice model into a local impurity model embedded
in an effective mean field. With this, the Higgs mode has been analyzed in strongly coupled su-
perconductors modeled by the Holstein model (42, 48, 78, 79). A closely related nonequilibrium
Keldysh method has been employed to study the Higgs mode in time-resolved photoemission
spectroscopy (43, 80) and time-resolved optical conductivity (81). Another approach is to use the
gauge-invariant kinetic equation (82–85), in which the shift of the center-of-mass momentum of
Cooper pairs (drive effect) caused by a laser pulse has been emphasized.

For multiband superconductors with multiple gaps such as MgB2, there are not only Higgs
modes corresponding to amplitude oscillations of multiple order parameters but also the so-called
Leggett mode (86), which corresponds to a collective oscillation of the relative phase between
different order parameters. Based on the mean-field theory, possible laser excitations of the Higgs
and Leggett modes in multiband superconductors have been studied (53, 87–90).

For non-s-wave superconductors, one can expect even richer dynamics of the order parame-
ters. For example, d-wave superconductors allow for various symmetries of amplitude modes (91).
The quench dynamics of the d-wave (92) and p+ ip-wave (93) Higgs modes have been explored.
For recent experimental progresses on pump-probe spectroscopies andTHG in d-wave supercon-
ductors, we refer to Section 3.3. It has also been proposed (94) that by measuring Higgs modes
for various quench symmetries one can obtain information on the symmetry of the gap function
(Higgs spectroscopy).

3. EXPERIMENTS

In this section, we overview recent progress on experimental observations of the Higgs mode
in superconductors. Those include Raman experiments in CDW-coexisting superconductors
2H-NbSe2 and TaS2 (Section 3.1), THz spectroscopies and THG in a pure s-wave superconduc-
tor NbN (Section 3.2) and in high-Tc cuprates (Section 3.3), and THz transmittance experiments
in NbN under supercurrent injection (Section 3.4).

3.1. Higgs Mode in a Superconductor with Charge-Density Wave

The pioneering work on the observation of the Higgs mode in superconductors dates to 1980
when a Raman experiment was performed in 2H-NbSe2, a transition metal dichalcogenide in
which superconductivity coexists with CDW (25, 26). A new peak was observed below Tc that
was distinct from the amplitude mode associated with the CDW order. Although it was initially
recognized as a pair breaking peak, soon after it was identified as the collective amplitude mode
of the superconducting order (i.e., the Higgs mode) (18, 19; see also 27, 63).

A renewed Raman experiment has been conducted recently, revealing the transfer of the oscil-
lator strength from the amplitude mode of CDW (amplitudon) to the Higgs mode (28). Subse-
quently the Raman experiment under hydrostatic pressure has been performed in 2H-NbSe2 (30)
(Figure 5). With application of the hydrostatic pressure, the CDW order is suppressed and con-
comitantly the Raman peak identified as the Higgs mode disappeared, leaving only the Cooper
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Figure 5

Raman spectra in E2g symmetry of 2H-NbSe2 measured at various temperatures and pressures. Under the
ambient pressure (P < Pc) and in the superconducting phase (T < Tc) (green), a sharp peak identified as the
Higgs mode appears below the superconducting gap 2� ∼ 20 cm−1 marked by the gray vertical line. In the
CDW phase (T > Tc) (blue), only the CDW amplitude mode is observed around 40 cm−1. Under the
pressure (P > Pc) where CDW collapses, only a pair breaking peak is discerned at T < Tc (brown), and no
peak is identified at T > Tc (red ). (Inset) Raman spectra in the superconducting state without CDW in
2H-NbSe2 (above 4 GPa) and non-CDW-coexisting NbS2 (0 GPa), both of which show only the pair
breaking peak. Frequency is normalized by 2�. Abbreviation: CDW, charge-density wave. Panels adapted
from Reference 30 with permission.

pair breaking peak. A clearer separation between the in-gap Higgs mode and the pair breaking
peak was recently reported in a similar CDW-coexisting superconductor, TaS2 (95). These results
indicate that the existence of CDW plays an important role on the observability of the Higgs
mode in the Raman spectrum. A theoretical study has demonstrated that, due to the coupling of
the superconducting order to the coexisting CDW order, the Higgs-mode energy is pushed down
below the superconducting gap 2� (29). Accordingly, the Higgs mode becomes stable due to the
disappearance of the decay channel into the quasiparticle continuum.

3.2. Higgs Mode in a Pure s-Wave Superconductor

In “pure” superconductors, where the long-range order such as CDW order does not exist, the
observability of theHiggsmode has long been elusive.Here,we show two types of pump-probe ex-
periments: (a) nonadiabatic quench, and (b) multicycle driving that demonstrates the Higgs mode
oscillation in an s-wave superconductor NbN. These experiments reveal the observability of the
Higgs mode originated from the nonlinear light–Higgs coupling as described in Section 2.

3.2.1. Nonadiabatic quench with a single-cycle terahertz pump pulse. One way to excite
the Higgs mode is a nonadiabatic quench of the superconducting state, which can be induced
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Higgs-mode oscillation after the nonadiabatic excitation of quasiparticles in NbN induced by a monocycle
THz pump. (a) The temporal evolution of the change of the probe electric field, δEprobe, as a function of the
pump-probe delay time tpp at various pump intensities. The solid curves represent the results fitted by a
damped oscillation with a power-law decay. (b) The oscillation frequency f obtained from the fits and the
asymptotic gap energy 2�∞ as a function of the pump intensity. Panels adapted from Reference 45.

by, for example, a sudden change of the pairing interaction that generates the order-parameter
dynamics,

|�(t )|
�∞

� 1 + a
cos(2�∞t + φ)√

�∞t
, 13.

at long time.Here, 2�∞ is the long-time asymptotic superconducting gap, a is some constant, and
φ is a phase shift. The behavior (Equation 13) has been theoretically derived on the basis of the
time-dependent BCS mean-field theory (16, 33–35). Similar dynamics has also been investigated
after a laser-pulse excitation (38–41, 43, 44).

Despite intensive theoretical studies on the Higgs mode in superconductors, the observation
of the Higgs mode has long been elusive except for the case of 2H-NbSe2, until the ultrafast
THz-pump and THz-probe spectroscopy was performed in a conventional s-wave supercon-
ductor Nb1−xTixN (45). In this experiment, quasiparticles are instantaneously injected at the
superconducting-gap edge to quench the superconducting order parameter nonadiabatically.
A strong single-cycle THz-pump pulse with the center frequency around 1 THz (∼4 meV)
was generated from a LiNbO3 crystal by using the tilted-pulse-front method (96–98), in order
to excite high-density quasiparticles just above the gap of Nb1−xTixN thin films with 2� =
0.72–1.3 THz (∼3.0–5.4 meV) at 4 K. The details of the THz pump–THz probe scheme were
given in Reference 99. The subsequent dynamics of the superconducting order parameter was
probed by a weaker probe THz pulse in transmission geometry. Figure 6 shows pump-probe
delay dependence of the transmitted probe THz electric field at a fixed point of the probe pulse
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waveform, which reflects the order parameter dynamics. A clear oscillation is identified after the
pump with the oscillation frequency given by the asymptotic value of the superconducting gap
2�∞ caused by the quasiparticle injection. The decay of the oscillation is well fitted by a power-
law decay predicted for the Higgs-mode oscillation. With an increase in the pump intensity, the
oscillation period shows a softening, as the asymptotic value of 2�∞ becomes smaller with higher
quasiparticle densities. By recording the probe THz waveform at each pump-probe delay, one
can extract the dynamics of the complex optical conductivity σ (ω) = σ1(ω) + iσ2(ω) (not shown).
The spectral-weight oscillation with frequency 2�∞ was clearly identified in both the real and
imaginary parts (100), the latter of which reflects the oscillation of the superfluid density.

The intense single-cycle THz pump pulse was crucial to excite the quasiparticles instanta-
neously at the gap edge, which acts as a nonadiabatic quench of the order parameter, thereby
inducing a free oscillation of the Higgs mode. On the contrary, when an IR optical pulse was
used as a pump, a relatively slow rise time (∼20 ps) was observed for the suppression of the order
parameter, though this was dependent on the excitation fluence (99, 101). In this case, the pho-
toexcited hot electrons (holes) emit a large amount of high-frequency phonons (HFPs; ω > 2�),
which subsequently induce the Cooper pair–breaking until quasiparticles and HFP reach the
quasiequilibrium. This process was well described by the Rothwarf–Taylor phonon-bottleneck
model (101); it usually takes a time longer than (2�)−1, which breaks the nonadiabatic excitation
condition needed for the quench experiment. It should be noted here that even if one uses the
near-IR or visible optical excitation, the instantaneous quasiparticle excitation can occur if the
stimulated Raman process is efficient (102).

The decay of the Higgs mode is also an important issue. Because the Higgs-mode energy 2�
coincides with the onset of quasiparticle continuum, the Higgs mode inevitably decays into the
quasiparticle continuum even without any collisions (16, 17).However, this does not mean that the
Higgs mode is an overdamped mode. In fact, the decay due to the collisionless energy transfer is
expected to be proportional to t−1/2 in the BCS superconductor, ensuring a much longer lifetime
compared with that of the oscillation period. The energy dispersion of the Higgs mode for finite
wavenumber q has been calculated as

ωH � 2�+ v2
F

12�
q2 − i

π2vF

24
q, 14.

where vF is the Fermi velocity (19). From Equation 14, one can estimate that as the wavenumber
q increases and the mode energy enters the quasiparticle continuum, the lifetime of the Higgs
mode is shortened and turns into an overdamped mode. For the case of NbN,� ∼ 0.6 THz and
vF ∼ 2 × 106 m/s (76), and the imaginary part exceeds the real part in Equation 14 at q > �/vF ∼
0.3 (µm)−1. In the single-cycle THz-pump experiment in a thin film of NbN (45), the value of
in-plane wavenumber q estimated from the spot size of the pump (∼1 mm) is at most ∼1 (mm)−1,
which is far smaller than�/vF. In such a small q limit, the Higgs mode is considered a well-defined
collective mode (19).

3.2.2. Multicycle terahertz driving with subgap frequency and third harmonic generation.
To excite the Higgs mode in an on-resonance condition, one can use a narrowband multicycle
THz-pump pulse with the photon energy tuned below the superconducting gap 2�. With this,
the amplitude of the superconducting order parameter was shown to oscillate with twice the fre-
quency of the incident pump-pulse frequency ω during the pulse irradiation (Figure 7a–d ) (46).
The observed 2ω modulation of the order parameter was attributed to the forced oscillation of
the Higgs mode caused by electromagnetic fields. In fact, the time-dependent GL theory shows
that there is a coupling term between the Higgs mode (H) and field (A) as expressed by A2H
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Figure 7

Forced Higgs oscillation and third harmonic generation from a superconducting NbN film under the
multicycle THz pump. (a) Schematic setup for the multicycle THz pump and THz probe spectroscopy.
(b) Temperature dependence of the superconducting gap energy. Horizontal line indicates the center
frequency of the pump pulse, ω = 0.6 THz. (c) Waveform of the pump THz electric field Epump and the
squared one, |Epump|2. (d ) The change in the transmitted probe THz electric field δEprobe as a function of
the pump-probe delay time tpp at the temperature range ω > 2�(T ) (upper) and ω < 2�(T ) (lower). Increase
of δEprobe corresponds to the reduction of the order parameter. (e) Power spectra of the transmitted pump
THz pulse above and below Tc = 15 K. ( f ) Third harmonic generation intensity as a function of the pump
THz field strength. Abbreviations: BPF, bandpass filter; WGP, wire grid polarizer. Panels adapted from
Reference 46 with permission.
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(Section 2.1), which results in the 2ω-order parameter modulation. The nonlinear electromag-
netic response of superconductors has been studied in the frequency range far below 2� and near
Tc, where the GL theory is applicable (64, 70, 103–105). In the theory developed by Gor’kov
& Eliashberg (GE; 70), a closed set of equations for the order parameter � and the field A was
derived, which predicts the 2ω modulation of � and the THG from the induced supercurrent
j ∝ A2�. The GE theory was experimentally demonstrated through the observation of THG of
a microwave field in a paramagnetically doped superconductor (104).

The THz-pump experiments have shed new light on the investigation of the nonlinear elec-
tromagnetic response of superconductors at the gap frequency region. After the observation of the
2ωmodulation of the order parameter, namely the forced oscillation of the Higgs mode, the THG
was observed under the irradiation of a subgap multicycle THz-pump pulse in NbN thin films
as shown in Figure 7e, f. Importantly, the THG was shown to be resonantly enhanced when the
condition 2ω = 2� is satisfied (46). The temperature dependence of THG intensity for various
frequencies in an NbN film is shown in Figure 8: the temperature dependence of the gap 2� and
the incident frequencies (Figure 8a); the raw data of THG intensities (Figure 8b), those normal-
ized by the internal field inside the superconducting film that is proportional to the third-order
susceptibility |χ (3)|2 (Figure 8c); and the THG intensity further normalized by the proportional
factor of the THG intensity �(T )4 versus the frequency normalized to the gap, 2ω/2�(T )
(Figure 8d ). These results clearly show the two-photon resonances of the Higgs mode with the
field.

As previously described in Section 2.3, however, it was theoretically pointed out that there
is a contribution also from the quasiparticle excitation (i.e., CDFs) in THG, which also exhibits
the 2ω = 2� resonance (47). Within the BCS mean-field approximation in the clean limit, the
quasiparticle term was shown to exceed the Higgs mode contribution in THG. At the same time,
it was predicted that the THG from the quasiparticle term should exhibit polarization dependence
with respect to the crystal axis while the Higgs term is totally isotropic in a square lattice (47). In
the experiments in NbN, the THG intensity was shown to be independent from the incident
polarization angle with respect to the crystal orientation, and notably the emitted THG does not
have orthogonal components with respect to the incident polarization of the fundamental (ω)
wave (49). Such a totally isotropic nature of THG cannot be well accounted for by the CDF term
even if one considers the crystal symmetry of NbN (50) and indicates the Higgs mode as the
origin of THG. Recently, the importance of p · A term on the coupling between the Higgs mode
and the gauge field was elucidated. In particular, the p · A term contribution is largely enhanced
when one considers the phonon retardation effect beyond the BCS approximation (48) and more
prominently when one considers the nonmagnetic impurity scattering effect (52–54), dominating
the quasiparticle term by an order of magnitude as described in Section 2.3. This paramagnetic
term was also shown to dominate the diamagnetic term, although its ratio depends on the ratio
between the coherence length and the mean free path. The NbN superconductor is in the dirty
regime as manifested by a clear superconducting gap structure observed in the optical conductivity
spectrum, and the paramagnetic term should significantly contribute to THG.

3.3. Higgs Mode in High-Tc Cuprates

Higgs modes can exist not only in s-wave superconductors but also in unconventional supercon-
ductors. For example, in d-wave superconductors such as high-Tc cuprates one can expect various
types of collective modes, including not only the totally isotropic oscillation of the gap function
in relative momentum space (A1g mode) but also those that oscillate anisotropically (e.g., A2g, B1g,
and B2g modes) (91). These are reminiscent of Bardasis–Schrieffer mode for the case of s-wave
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Temperature dependence of THG signal from NbN. (a) Temperature dependence of the superconducting
gap 2�(T ). Two times the THz pump frequency, 2ω, is shown by a horizontal line. (b) Measured THG
intensities at each frequency as a function of temperature. (c) THG intensities normalized by the
temperature-dependent internal field inside the superconducting film and the transmittance of the THG
signal, which corresponds to the susceptibility of THG, |χ (3)|2. (d ) Further normalized value of |χ (3)|2 by
the temperature-dependent gap �(T )4 as a function of normalized frequency 2ω/2�(T ). Relative intensities
between different frequencies are arbitrary. Abbreviation: THG, third harmonic generation. Data taken
from Reference 100.

superconductors (106). Possible collective modes have been classified based on the point group
symmetry of the lattice (91), and the relaxation behavior of the A1g mode induced by a quench has
been discussed (92). A theoretical proposal has been made to observe the Higgs mode in a d-wave
superconductor through time- and angle-resolved photoemission spectroscopy (80).

The observation of the Higgs mode in d-wave superconductors was recently made in
THz-pump and optical-probe experiments in high-Tc cuprates, Bi2Sr2CaCu2O8+x (Bi2212) (55).
An oscillatory signal of the optical reflectivity that follows the squared THz electric field was
observed, which is markedly enhanced below Tc, as shown in Figure 9. This signal was interpreted
as the THz-pump-induced optical Kerr effect, namely the third-order nonlinear effect induced
by the intense THz-pump pulse. In the Bi2212 system, both A1g and B1g symmetry components
with respect to the polarization-angle dependence (which should be distinguished from the
relative-momentum symmetry classification mentioned above) were observed in the THz-Kerr
signal. The doping dependence shows that the A1g component is dominant in all the mea-
sured samples from the under to the near-optimal region. From the comparison with the BCS
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Forced oscillation of Higgs mode in an optimally doped (OP90) Bi2Sr2CaCu2O8+x measured by THz pump
and optical reflection probe experiment. Temperature dependencies of reflectivity change �R/R as a
function of pump-probe delay time in (a) A1g and (b) B1g components. Red dashed lines indicate Tc. (c) The
A1g and B1g components against the pump-probe delay time at 10 K. Fitting curves are also shown by solid
lines. (d ) Temperature dependencies of the A1g decaying component (blue, incoherent quasiparticle
excitation), the A1g oscillatory component (red, forced Higgs oscillation), and the B1g oscillatory component
(green, likely the charge-density fluctuation). Figure adapted from Reference 55.

calculation of the nonlinear susceptibility, the A1g component was assigned to be the d-wave
Higgs-mode contribution.

The observed oscillatory signal corresponds to the 2ω modulation of the order parameter as
observed in an s-wave NbN superconductor under the subgap multicycle THz-pump irradiation.
Accordingly, like in the case of s-wave systems, one can expect the THG signal from high-Tc

cuprates. Recently, THG was indeed observed ubiquitously in La1.84Sr0.16CuO4, DyBa2Cu3O7−x,
YBa2Cu3O7−x, and overdoped Bi2Sr2CaCu2O8+x (56) by using a 0.7-THz coherent and intense
light source at the TELBE [high-field high-repetition-rate Terahertz facility at ELBE (Electron
Linac for beams with high Brilliance and low Emittance)] beamline at Helmholtz Zentrum Dres-
den Rossendorf.
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3.4. Higgs Mode in the Presence of Supercurrents

So far, we have seen the Higgs mode excitation by the nonadiabatic quench with instantaneous
quasiparticle injection or through the quadratic coupling with the electromagnetic wave. Re-
cently, it has been theoretically shown that when there is a condensate flow (i.e., supercurrent),
the Higgs mode linearly interacts with electromagnetic waves with the electric field polarized
along the direction of the supercurrent flow (57). Namely, the Higgs mode should be observed
in the optical conductivity spectrum at the superconducting gap ω = 2� under the supercurrent
injection. This effect is explained by the momentum term in the action, S ∝ ∫

Q2(t )|�(t )|2dtdr,
where Q(t ) = Q0 + Q�(t ) is the gauge-invariant momentum of the condensate, Q0 is the dc
supercurrent part, and Q�(t ) = Re[Q� exp(i�t )] is the time-dependent part driven by the
ac probe field, respectively. �(t ) = �0 + δ�(t ) is the time-dependent superconducting order
parameter. The action S includes the integral of δ�2�Q2

−� and δ��Q0Q−�, where δ��(2�) is
the Fourier component of the oscillating order parameter. The first term corresponds to the
quadratic coupling of the Higgs mode to the gauge field as described in Section 2. The second
term indicates that the Higgs mode linearly couples with the gauge field under the supercurrent
with the condensate momentum Q0 parallel to the probe electric field.

Recently, in accordance with the theoretical prediction, the Higgs mode was observed in the
optical conductivity in an s-wave superconductor NbN thin film under the supercurrent injection
by using THz time-domain spectroscopy (58). Figure 10a shows the schematic experimental
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(a) Schematic view of the THz transmittance experiments under supercurrent injection. The change of the
optical conductivity induced by supercurrent injection taken with the THz probe electric field (b) parallel or
(c) perpendicular to the current direction. The optical conductivity spectra measured without the current is
also plotted in panel b. The dashed line represents a fit by the Mattis–Bardeen model (107, 108), and the
superconducting gap estimated from the fit is indicated by the vertical arrow. (d ) Theoretically expected
changes of optical conductivity induced by the supercurrent injection with respect to the normal state
conductivity σN. Panels adapted from Reference 58.
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setup. Figure 10b,c shows the change of the real part of the optical conductivity induced by
the supercurrent injection with the probe polarization (Figure 10b) parallel and (Figure 10c)
orthogonal to the current direction. A clear peak is observed at the gap edge ω = 2� in the
parallel geometry, showing good agreement with the spectra calculated on the basis of the theory
developed by Moor et al. (57) as represented in Figure 10d. This result indicates that, without
resorting to the sophisticated nonlinear THz spectroscopy, the Higgs mode can be observed
in the linear response function when the condensate has a finite momentum, expanding the
feasibility for the detection of the Higgs mode in a wider range of materials.

The visibility of the Higgs mode in the optical conductivity has also been addressed in a two-
dimensional system near a quantum critical point (109, 110; see also 111 and 112). Experimentally,
an extra spectral weight in the optical conductivity below the superconducting gap was observed
in a strongly disordered superconducting film of NbN, which was interpreted in terms of the
Higgs mode with its mass pushed below the pair breaking gap due to the strong disorder (113).
However, the assignment of the extra spectral weight below the gap remains under debate. It
can also be described by the NG mode, which acquires the electric dipole in strongly disordered
superconductors (114–117).The extra optical conductivity was also accounted for by the disorder-
induced broadening of the quasiparticle density of states below the gap (118).

4. FUTURE PERSPECTIVE

Having seen the Higgs mode in s-wave and d-wave superconductors, it is fascinating to extend
the observation of the Higgs mode to a variety of conventional/unconventional superconductors.
The study of the Higgs mode in multiband superconductors would be important, as it would give
deeper insights into the interband couplings. For instance, the application of the nonlinear THz
spectroscopy to iron-based superconductors is highly intriguing, as it may provide information
on the interband interactions and pairing symmetry (87, 119, 120). The Leggett mode, namely
the collective mode associated with the relative phase of two condensates (86), is also expected to
be present in multiband superconductors. The Leggett mode has been observed in a multiband
superconductorMgB2 byRaman spectroscopy (121).The nonlinear coupling between the Leggett
mode and THz light has also been discussed (53, 87–90). Recently, a THz-pump-THz-probe
study in MgB2 has been reported, and the results were interpreted in terms of the Leggett mode
(122). However, the dominant contribution of the Higgs mode over the Leggett mode in the
nonlinear THz responses was theoretically pointed out in the case of dirty-limit superconductors
(53).Therefore, further experimental verification of theHiggs and Leggett modes is left as a future
problem.

The fate of the behavior of theHiggsmode in a strongly correlated regime and,what is more, in
a BCS-BEC (Bose–Einstein condensate) crossover regime is an intriguing problem. In particular,
the decay profile of the Higgs mode has been predicted to change from the BCS to BEC regime
(36, 37, 123–125). Experimentally, such a study has been realized in a cold-atom system, showing a
broadening of the Higgs mode in the BEC regime (61). Further investigation on the Higgs mode
in the BCS-BEC crossover regime will be a future challenge in solid-state systems.

The Higgs mode in spin-triplet p-wave superconductors is another issue to be explored in the
future. Like in the case of superfluid 3He (22, 59, 126), multiple Higgs modes are expected to
appear due to the spontaneous symmetry breaking in the spin channel, and its comparison with
high-energy physics would be interesting.

In another new paradigm, the observation of the Higgs mode would pave a new pathway
for the study of nonequilibrium phenomena, particularly for the photoinduced superconduc-
tivity (127–130). Being a fingerprint of the order parameter with a picosecond time resolution,
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the observation of the Higgs mode in photoinduced states should offer direct evidence for
nonequilibrium superconductivity. In strongly correlated electron systems exemplified by the un-
conventional superconductors, elucidation of the interplay between competing and/or coexisting
orders with superconductivity is an important issue for understanding the emergent phases. The
time-domain study of collective modes associated with those orders is expected to provide new
insights for their interplay.
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